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Four Pillars of Relativistic Astrophysics

• Supernovae;

• Neutron Stars;

• Black Holes;

• GRBs.
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Escape velocity and Horizon

• John Michel:  1783

• Laplace:   1796

Escape velocity may exceed light velocity
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Karl Schwarzschild

• Karl Schwarzschild  1916

• David Finkelstein  1958:

Event Horizon as a one sided 

membrane 
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Typology of BHs
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ABHs versus CBHs

ABH:

• Vacuum Einstein 
Equations;

• Asymptotically 
Minkowskian;

• Stationary/Static;

• Spherically Symmetric.

Cosmological Black Holes:

• Non-vacuum 
Cosmological Solutions;

• Inhomogeneous 
asymtotically FRW ;

• Non-stationary;

• Spherically Symmetric.
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• Mc Vittie metric (1933)

Representing a point mass with a weak singularity at

Not suitable as a model for a cosmological black hole! 
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• Sultana-Dyer metric

Some pathological Behaviors:
• It has a conformal Killing horizon;

• Petrov type D;

• Containin a non-comoving two-fluid source: one is  dust and 
the other is a null fluid;

• The cosmological fluid becomes tachyonic at late times near 
the horizon

• . Not suitable as a model for a cosmological black hole! 
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LTB metric

• Inhomogeneous cosmological solution;

• Spherically symmetric;

• Pressure-less ideal fluid. 

• Metric functions f(r) and R(r, t);

• RW-like coordinates (FRW: f=0, R =r.a(t) )
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LTB Solution of Einstein Equations
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How to use LTB metric?

How to construct a cosmological 
structure?



Spherically symmetric cosmological structure

• The simplest case of a structure embedded in an 
expanding cosmological environment!

• More realistic than an internal Schwarzschild 
solution;

• Although the density outside the structure is 
negligible (cosmic), we may encounter counter-
intuitive effects;

• Excellent arena to test effects due to very weak 
gravity yet general relativistic at large;

• Test of quasi-local effects (far from the range of 
validity of EP). ICRANet, 22. July 2015



Behavior of Curvature Function f
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Making a Structure in LTB model

Krasinski-Hellaby  PRD (65)  023501 (2001)
ICRANet, 22. July 2015



Formation of CBH in a Flat FRW
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BH in Expanding Universe
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Dynamical Horizon: Trapped Region
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Weakly Isolated Horizon
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What is the mass of the 
structure?



Quasi-local Mass in GR

• No local definition of mass;

• No unique definition of mass;

• Misner-Sharp is the most simple one in the 
case of spherically symmetric overdensities! 
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2+1 dimensional hypersurface encompassing 
the structure

Note the freedom to add terms depending 

on the fixed boundary data (reference term

= zero point energy)
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Brown-York & Liu-Yau Mass

• Brown-York mass

• Liu-Yau mass
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Hawking-Hayward Mass

ICRANet, 22. July 2015



• Misner-Sharp mass

In general spherical symmetric case

It becomes ADM and BS in asymptotically flat space time.
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LTB metric
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Different Masses for a Galaxy with 
NFW Density Profile
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Different Masses for a Cluster of 
Galaxies with NFW Density Profile
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How can the simple problem of 
light deflection be solved?

Light deflection across a dynamical 
cosmic structure



Simple Geometry of Light Deflection 

by a Dynamical Structure

PHYSICAL REVIEW D 88, 083011 (2013)

M. Parsi Mood, J. T. Firouzjaee, Reza Mansouri
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Deflection Angle
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Delay time (Between lensed and unlensed)
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PHYSICAL REVIEW D 88, 083011 (2013)
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PHYSICAL REVIEW D 88, 083011 (2013)
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PHYSICAL REVIEW D 88, 083011 (2013)
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Collapse of a structure with 
pressure

Spherically symmetric structure in a 
cosmological background filled with perfect fluid 
with non-vanishing pressure as an exact solution 
of Einstein equations using the Lemaitre 
solution:

Rahim Moradi, Javad T. Firouzjaee, Reza Mansouri:  
arXiv:1504.04746
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• http://arxiv.org/abs/1503.05020

• http://arxiv.org/abs/1408.0778

Two papers by Javad T. Firouzjaee and George F. Ellis
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http://arxiv.org/abs/1408.0778
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